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A NOTE ON THE NAVARRO CONJECTURE FOR
ALTERNATING GROUPS WITH ABELIAN DEFECT
RISHI NATH
Abstract. G.Navarro proposed (in [8]) a refinement of the un-
solved McKay conjecture involving certain Galois automorphisms.
The author verified this new conjecture for the alternating groups
A(Π) when p = 2 (see [7]). For odd primes p the conjecture is
more difficult to study due the complexities in the p-local char-
acter theory. We consider the principal blocks of A(Π) with an
abelian defect group when p is odd: in this case the Navarro con-
jecture holds for p-singular characters.
1. McKay and Navarro conjectures
Let G be a finite group, |G| = n, p be a prime dividing n, D a Sylow
p-group of G, and NG(D) the normalizer of D in G. Let Irr(G) denote
the irreducible characters of G, and Irrp′(G) the subset of characters
whose degree is relatively prime to p. The following is a well-known
conjecture.
Conjecture 1.1. (McKay, [1])
|Irrp′(G)| = |Irrp′(NG(D))|.
Recently G. Navarro strengthened the McKay conjecture in the fol-
lowing way. All irreducible complex characters of G are afforded by a
representation with values in the nth cyclotomic field Qn/Q (Lemma
2.15, [4]). Then the Galois group G = Gal(Qn/Q) permutes the ele-
ments of Irr(G).We denote the action of σ on χ ∈ Irr(G) by χσ. Then
χ ∈ Irr(G) is σ-fixed if its values are fixed by σ, that is, χσ = χ. Let
e be a nonnegative integer and consider σe ∈ G where σe(ξ) = ξpe for
all p′-roots of unity ξ. Define N to be the subset of G consisting of all
such σe. Let Irr
σ
p′(G) and Irr
σ
p′(NG(D)) be the subsets of Irrp′(G) and
Irrp′(NG(D)) respectively fixed by σ ∈ N .
2000 Mathematics Subject Classification. Primary 20C30.
1
2 RISHI NATH
Conjecture 1.2. (Navarro, [8]) Let σ ∈ N . Then
|Irrσp′(G)| = |Irrσp′(NG(D))|.
The Navarro conjecture follows from the existence of a bijection
φ from Irrp′(G) to Irrp′(NG(D)) that commutes with N . That is,
φ(χσ) = φ(χ)σ for all σ ∈ N and χ ∈ Irrp′(G). The author verified in
[6] that the Navarro conjecture holds for the alternating groups A(Π)
when p = 2. The verification when p is odd is more complicated since
little is known about values of Irrp′(NA(Π)(D)). However in the special
case that A(Π) has an abelian defect group (equivalently |Π| = n0+wp
with w < p) this paper verifies that the Navarro conjecture holds for
the p-singular characters of the principal block. The proof relies on
results of P. Fong and M. Harris (see §4, [3]) on the irrationalities of
the p-singular characters of NA(Π)(D).
2. A local-global bijection
2.1. p′-splitting characters of G.
Let n ∈ N. A partition λ of n is a non-increasing integer sequence
(a1, · · · , am) satisfying ai ≥ · · · ≥ am and
∑
i ai = n. Then the Young
diagram of λ is n nodes placed in rows such that the ith row of λ
consists of ai nodes. The (i, j)-node of λ lies in the ith row and jth
column of the Young diagram. The (i, j)-hook hλij of [λ] and consists
of the (i, j)-node (or corner of hλij), all nodes in the same row and to
the right of the corner, and all nodes in the same column and below
the corner. The column-lengths of [λ] form the conjugate partition λ∗
of n. Partitions where λ = λ∗ are self-conjugate. Let λ = λ∗ and
δ(λ) = {δjj} be the set of diagonal hooks of λ i.e. δjj = hjj, which are
necessarily odd. When there is no ambiguity we write hλij = hij .
Every λ is expressed uniquely in terms of its p-core λ0 and p-quotient
(λ0, λ2, · · · , λp−1). The p-core λ0 is the unique partition that results
when all possible hooks of length p are removed from λ. The p-quotient
〈λ〉 is a p-tuple of (sub-)partitions which encode the p-hooks of λ.
Henceforth, let Π be a set of size n and G = S(Π) and G+ = A(Π) be
respectively the symmetric and alternating groups on Π. The elements
of Irr(G) are labeled by partitions {λ ⊢ n}. Then Irr(G+) is obtained
from Irr(G) by restriction. If α is an irreducible character for some
finite group J , and K is a subgroup of J , the notation α|K indicates
restriction of the subgroup K.
Theorem 2.1. The irreducible characters of G+ arise from those of G
in two ways. If λ 6= λ∗ then χλ|G+ = χλ∗ |G+ is in Irr(G+). If λ = λ∗
then χλ|G+ splits into two conjugate characters χ+λ and χ−λ in Irr(G+).
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The conjugacy classes κ of S(Π) are labeled by cycle-types of permu-
tations of n. If λ = λ∗ we let κδ(λ) be the conjugacy class determined
by the cycle-type of (δ11, · · · , δdd). Then κδ(λ) splits into κδ(λ),+ and
κδ(λ),− when viewed as a class of G
+. Let Irr∗(G) be the set of splitting
characters, i.e. those that split into two conjugate characters when re-
stricted to G+. The following is a classical result of Frobenius (see e.g.
Theorem (4A), [3]).
Theorem 2.2. Suppose χλ is an irreducible character of G which splits
on G+. Let g ∈ G+. Then (χλ,+ − χλ,−)(g) 6= 0 if and only if g is in
κδ(λ). Moreover, χλ,± and κδ(λ),± may be labeled so that
χ±λ (g) =
1
2
[ǫλ +
√
ǫλ
∏
j δjj ] if g ∈ κδ(λ),±
χ±λ (g) =
1
2
[ǫλ −
√
ǫλ
∏
j δjj] if g ∈ κδ(λ),∓
where ǫλ = (−1)n−d2 .
By extension, Irr∗(G+) is the set of (pairs) of characters that arise
from restricting elements of Irr∗(G). Suppose n = wp, where w < p.
By a condition of Macdonald (see [5]), the elements of Irrp′(G) are la-
beled by partitions for whom
∑ |λγ| = ω. Then the p′-splitting charac-
ters are labeled by self-conjugate partitions that satisify the Macdonald
condition.
2.2. p′-splitting characters of H.
Let B be a p-block of G the defect group D and b the p-block of
NG(D) which is the Brauer correspondent of B. Let ν be the ex-
ponential valuation of Z associated with p normalized so ν(p) = 1.
The height of the χ in B is the nonnegative integer h(χ) such that
ν(χ(1)) = ν(|G|) − ν(|D|) + h(χ). The height of ξ in b is the nonneg-
ative integer h(ξ) such that ν(ξ) = ν(|NG(D)|) − ν(|D|) + h(ξ). Let
M(B) and M(b) be the characters of B and b of height zero. By the
Nakayama conjecture a p-block B of G is parametrized by a p-core λ0
so χµ ∈ B if and only if λ0 = µ0. In particular, n = n0 + wp where
n0 = |λ0|. We suppose that B has abelian defect group D or equiva-
lently w < p. Thus Π = Π0 ∪ Π1 is the disjoint union of sets Π0 and
Π1 of cardinality n0 and wp. We may suppose Π1 = Γ × Ω where
Γ = {1, 2, · · · , p} and Ω is a set of w elements. Let X = S(Γ) and
Y = NX(P ) where P is a fixed Sylow p-subgroup of X . Note that the
when B is a Sylow subgroup the p′-irreducible characters agree with
the height zero characters.
We take D as the Sylow p-subgroup PΩ of S(Π1) and set H = NG(D)
so that H = H0×H1 with H0 = S(Π0) and H1 = Y ≀S(Ω). The Brauer
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correspondent b of B in H has the form b0× b1 where b0 is the block of
defect 0 of H0 parametrized by λ
0 and b1 is the principal block of H1.
Let λ be a partition of n with p-core λ0 and p-quotient 〈λ〉 =
(λ0, · · · , λp−1) normalized as follows: if µ = λ∗ then λi = (µp−i−1)∗.
Let p∗ = p−1
2
. Then λ = λ∗ implies λp∗ = λ
∗
p∗. Let Y
∨ = {ξγ : 0 ≤ γ ≤
p−1}. The characters in H∨ have the form χτ ×ψΛ where τ is a p-core
partition and χτ ∈ Irr(H0) and ψΛ ∈ Irr(H1) and Λ is a mapping
Y ∨ −→ {Partitions}, ξγ 7→ µγ,
such that
∑
γ |µγ| = w.We also represent Λ by the p-tuple (µ1, · · · , µp).
ThenM(B) andM(b) are in bijection via f : χλ 7→ χλ0×ψ〈λ〉 (see [2] for
details). Hence Irrp′(G) and Irrp′(H) are in bijection via f = ∪BfB.
There is an induced bijection f+ between Irrp′(G
+) and Irrp′(NG+(D)).
Let sgnH = sgnG|H and sgnY = sgnX |Y . If (f, σ) is an element of
H = Y ≀ S(Ω) with f ∈ S(Ω) and f ∈ Y Ω and σ ∈ S(Ω), then
sgnH(f, σ) = sgnS(Ω)(σ)
∏
i∈Ω
sgnY (f(i)).
Let H+ = NG+(D). Then Λ is a splitting mapping of H if ψΛ splitting
character of H i.e. (ψΛ)|H+ = ψΛ,+ − ψΛ,− where ψΛ,± ∈ (H+)∨. Let
∗ be the duality Λ 7→ Λ∗ where Λ∗ : ξγ 7→ (λp−1−γ)∗. The following is
Proposition (4D) in [3].
Proposition 2.3. Let ψΛ ∈ Irr(H). Then sgnHψΛ = ψΛ∗ . In partic-
ular, ψΛ is a splitting character if and only if Λ = Λ
∗.
Proposition 2.3 implies that map f+ induced by f remains a bijection
on splitting characters (and p′-splitting characters). That is, Irr∗p′(G
+)
is in bijection with Irr∗p′(H
+). In particular, if λ 6= λ∗ then χλ|G+ =
χ∗λ|G+ is mapped to ψΛ|H+ = ψΛ∗ |H+ and if λ = λ∗ then χ±λ maps to
ψ±Λ .
3. Values of p-singular characters
We say λ is p-singular if λp∗ 6= ∅ and λi = ∅ for all i ∈ {0, · · · , p−1}−p∗.
Then χλ ∈ Irrp′(G) is p-singular if λ is. The notation Irrp′,sing(G)
denotes the p-singular p′-characters and Irrp′,sing(G
+) is the restric-
tions to G+. Then Irrp′,sing(H) and Irrp′,sing(H
+) are defined analo-
gously. It is immediate from the definition of f+ that Irrp′,sing(G
+)
and Irr∗p′,sing(H
+) are in bijection. We show that f+ commutes with
the action of σ ∈ N on p-singular p′-characters by describing explicitly
the relevant irrational character values.
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In [6], the author describes how to obtain the set of diagonal hooks
δ(λ) of a symmetric partition λ = λ∗ given just the p-core λ0 and the p-
quotient 〈λ〉. The following special case (Theorem 4.3 in [6]) is relevant
to the goals of this paper.
Theorem 3.1. Suppose λ0 is empty and (∅, · · · , λp∗ , · · · , ∅) such that
λp∗ = (λp∗)
∗ and δ(λp∗)=(δ
′
11, · · · , δ′dd). Then δ(λ)=(δ′11p, · · · , δ′ddp).
A conjugacy class C of H is a splitting class if C ⊆ H+ and C =
C− ∪ C+ is the union of two conjugacy classes of H+. There is a
bijection between splitting mappings Λ and splitting classes CΛ of H
(see pg.3491, [3]). The following is Proposition (4F) in [3].
Theorem 3.2. Let |Π| = wp. Suppose Λ is a splitting mapping of
NS(Π)(D) that equals its p-singular part i.e. Λ = (∅, · · · , λp∗, · · · , ∅).
Let (f, σ) ∈ NA(Π)(D)+. Then (ψΛ,+ − ψΛ,−)(f, σ) 6= 0 if and only if
(f, σ) ∈ CΛ. Moreover, ψΛ,± and CΛ,± may be labeled so that
(ψΛ,+ − ψΛ,−)(f, σ) = ±(√ǫpp)d√ǫλp∗ ∏j ηjj
for (f, σ) ∈ CΛ,±, where, ǫλp∗ = (−1)
p−1
2 , d is the number of diagonal
nodes in λp∗ and δ(λp∗)= (η11, · · · , ηdd).
Suppose σ ∈ Gal(Q|G+|/Q) is such that σ(ξ) = ξpe for some e ∈ Z+
and ξ is a p′-root of unity. We define Irrp′(B1) and Irrp′(b1) to be the
p′-characters of the principal block B1 of A(Π) and its Brauer corre-
spondent b1 and Irrp′,sing(B1) and Irrp′,sing(b1) are defined by exten-
sion.
Theorem 3.3. Let A(Π) be the alternating group on Π and p is an odd
prime such that A(Π) has an abelian defect group. Let σ ∈ N . Let B1 be
the principal block of A(Π), χ ∈ Irrp′(B1) and b1 its Brauer correspon-
dent. Then the restriction of f+ is a bijection between Irrp′,sing(B1)
and Irrp′,sing(b1) that commutes with σ. That is, f
+(χ)σ = f+(χσ).
Proof. Since A(Π) has abelian defect, and we are considering only the
principal block, we can assume |Π| = wp. By the discussion above, we
consider two cases.
(1) Suppose λ 6= λ∗. Then the restrictions χλ|G+ = χλ∗ |G+ are in
bijection with ψΛ∗|H+ = ψΛ∗|H+ . Since the values of χλ are
all rational, χλ|∗ is σ-fixed. Since NG+(X) = Y ≀ S(Ω) where
|Ω| = p, ψΛ|H+ is also σ-fixed.
(2) Suppose λ = λ∗. Upon restriction, the pair χ± is in bijection
with the pair ψ±Λ via f¯ . It remains to show that the values of χ
±
λ
and ψ±Λ on the splitting classes κ
±
δ(λ) and C
±
Λ are both exchanged
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or fixed by σ. By Theorem 3.1, Theorem 2.2, and Theorem 3.2,√
ηjpd =
√
δj . Since p is odd, (wp − d) ≡ (p − 1 + w − d)
(mod 2), so ǫλp∗ · ǫp = ǫλ. This completes the proof.

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